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Abstract 
Hoang, C.T. and F. Maffray, On slim graphs, even pairs, and star-cutsets, Discrete 
Mathematics 105 (1992) 93-102. 
Meyniel proved that a graph G is perfect if every odd cycle of G with at least five vertices has 
at least two chords. A slim graph is any graph obtained from a Meyniel graph by removing all 
the edges of a given induced subgraph. Hertz introduced slim graphs and proved that they are 
perfect. We show that Hertz’s result can be derived from a deep characterization of Meyniel 
graphs which is due to Burlet and Fonlupt. Hertz also asked whether every slim graph which is 
not a clique has an even pair of vertices, and whether every nonbipartite slim graph has a 
star-cutset. We provide partial solutions to these questions for slim graphs that are derived 
from i-triangulated graphs and parity graphs. 
1. Introduction 
A graph G is perfect [l] if, for every induced subgraph H of G, the chromatic 
number of H is equal to the size of a largest clique of H. Meyniel [12] proved that 
a graph G is perfect if every odd cycle of G with at least five vertices has at least 
two chords. Graphs with this property are today known as Meyniel graphs. A 
slim graph is any graph obtained from a Meyniel graph by removing all the edges 
of a given induced subgraph. Hertz [9] introduced slim graphs and proved that 
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they are perfect. In Section 2, we show that Hertz’s result can be derived from a 
deep characterization of Meyniel graphs which is due to Burlet and Fonlupt [3]. 
In Section 3, we prove that every slim graph derived from an i-triangulated graph 
is a strict quasi-parity graph, and that every slim graph derived from a 
triangulated graph or from a parity graph is in the class BIP*. 
2. The main result 
A star-cutset of a graph G is any set C of vertices such that G - C is 
disconnected and C contains a vertex adjacent to all other vertices of C (this 
particular vertex is called the center of the star-cutset). An even pair in a graph 
G is a pair of vertices that are not the endpoints of any odd chordless path 
(throughout this paper, ‘odd’ and ‘even’ refer to the parity of the number of 
edges of the path). 
The Star-Cutset Lemma (Chvatal [5]). Zf G is a minimal imperfect graph then 
neither G nor its complement contains a star-cutset. 
The Even Pair Lemma (Meyniel 1111). No minimal imperfect graph contains an 
even pair. 
In his paper, Hertz proved that every slim graph either is a Meyniel graph or 
contains a star-cutset or an even pair; and as a consequence of the Star-Cutset 
Lemma and the Even Pair Lemma, that every slim graph is perfect. We will now 
give a different proof that every slim graph is perfect. This new proof uses the 
decomposition theorem for Meyniel graphs due to Burlet and Fonlupt [3]: they 
proved that every Meyniel graph is either ‘basic’ or contains a ‘proper amalgam 
decomposition’. A graph G is a basic Meynief graph if its vertex-set can be 
partitioned into three sets K, B, S, such that: 
l K induces a clique; 
l B induces a 2-connected bipartite graph; 
l all possible edges between K and B are present; 
l S induces a stable set, and each vertex of S has at most one neighbor in B. 
A proper amalgam decomposition of a graph G = (V, E) is a partition of V into 




l there is no edge xy for every x E Bi and y E Bj U Aj (i #j); 
l IAi U Bjl 3 2 for every i: 
l A,=O if and only ifAZ=O; 
l if A, = A2 = 0, then each Bi contains a vertex bi adjacent to all vertices of K. 
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If G is a Meyniel graph and M c V we denote by GM the slim graph obtained 
from G be deleting all edges with both endpoints in M. 
Proposition 1. Let G be a basic Meyniel graph, and M be a subset of V(G). Then 
the slim graph G,+, either is a clique or has an even pair. 
Proof. Let G be a basic Meyniel graph with the partition K, B, S as above. We 
shall prove by induction on the number of vertices. The induction hypothesis 
implies that any proper induced subgraph H of Gw is perfect, hence H is not an 
odd hole, i.e., an odd chordless cycle with at least five vertices. 
Suppose that S # 0. Let x be a vertex of S. Note that the neighborhood of x in 
G, denoted by N&x), is a clique of G. Suppose that the neighborhood N,,(X) of 
x in G,+, is a clique of GrM. By the induction hypothesis, GM -x either is a clique 
or has an even pair. If G,,,, --x is a clique and V(G,,, -x) = N,,(x), then G,+_, is a 
clique. If GM -x is a clique and V(G, -x) f N,,(x) then x and any vertex of 
V(G,,,, - x) - iVGu(x) form an even pair. If G, -x has an even pair {a, b} then 
{a, b} remains an even pair of GM because x is not the interior vertex of any 
chordless path joining a to b. Now, we may suppose that iVGM(x) is not a clique of 
G,,,,. It follows that J/V,(x) fl MI 2 2, and that x $ M. We may assume that there is 
an odd induced path joining any two vertices of iVGw(x) fl M, for otherwise we 
are done. Choose vertices y and z so that there is an odd chordless path P joining 
y to z and P is as short as possible. By this choice, all interior vertices of P lie 
entirely in V(G) - (No(x) U {x}) = V(G,) - (N,,(x) U {x}) (note that P cannot 
contain any vertex of NGnr(x) - M, because any such vertex is adjacent to both y 
and z). Then P together with x form an odd hole. 
The induction hypothesis implies that G,,, is an odd hole. Since x is chosen 
arbitrarily we may assume that each vertex s of S - M has degree two and the two 
neighbours of s are in M. (By definition, at least one neighbour of s is in K.) 
Enumerate the vertices of the odd hole cyclically as vl, v2, . . . , vZk+, (k 3 2) 
such that v2 = x and v1 is a neighbour of x in K. Note that vl, v3 E M. Let t be the 
largest even index such that vi E M for all odd index i < t, and Vj E S - M for all 
even index i s t. We know that t # 2k for otherwise vzk+, E M, a contradiction to 
the existence of the edge vlvzk+,. Thus t < 2k, and so we have vu,+, E M, v,+* $ 
M. Since v,v,+~ is not an edge, we know that v,,~ E S - M, a contradiction to our 
choice of t. 
Now, we may assume that S = 0. Suppose that there exists a vertex u E K - M. 
Note that u is adjacent to all vertices of GM - u. By the induction hypothesis, 
GM - u is either a clique or has an even pair {a, 6). In the former case GM is a 
clique; in the latter case {a, b} is an even pair of GM. So we may assume K E M. 
Each vertex in GIM - K is adjacent to either all vertices of K, or none of the 
vertices of K. Hence, any two vertices of K form an even pair of GM. 
Now, we may assume (K( = IK rl MJ s 1. If K = 0 then obviously GM is 
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bipartite, and so the proposition holds. Now, we have ]ly] = JK fl M( = 1. We can 
partition B into two stable sets B, and &. If for some i, (Bi - MI 2 2 then any 
two vertices in Bi - M form an even pair of G,,,,. Hence, we may assume that 
]B, -MI s 1 and I& - MI s 1. Now the unique vertex in K n M and any vertex 
in B II M form an even pair of the graph G,+,. q 
Theorem 2 [9]. Slim graphs are perfect. 
Proof. Consider a slim graph GM obtained from a Meyniel graph G by removing 
all edges with both endpoints in a given subset M of vertices of G. We may 
assume that G is not a basic Meyniel graph for otherwise the result follows from 
Proposition 1 and the Even Pair Lemma. By the theorem of Burlet and Fonlupt, 
we know that G can be partitioned into disjoint sets K, AI, AZ, B,, B, as 
described in the definition of the proper amalgam decomposition above. We shall 
prove by induction on IMI and )GJ that either Grw has an even pair or GM or its 
complement has a star-cutset. If M = 0 then G M = G obviously has a star cutset 
(in K U A, U AZ). Now we may assume by induction that each proper induced 
subgraph of G,,., is perfect, and that GrM, is perfect for all M’ c M. 
Suppose that B, # 0. Note that K GM, for otherwise any vertex x in K - M is 
the center of the star-cutset K U Al separating B1 from A, U Bz. Moreover 
A2 E M for otherwise any vertex a2 in A2 -M is the center of the star-cutset 
K UA1 U {a2} separating B, from (AZ U B2) - {a2}. If B, = 0, then any two 
vertices of A2 have the same neighborhood and so they form an even pair of G,,,, 
(notice that iA21 3 2 by the definition of a proper amalgam decomposition). If 
B, # 0, the first note that A, c M, for otherwise any vertex a, in AI - M is the 
center of then star-cutset K U AZ U {a,} separating B2 from (A, U B,) - {al}. If 
(K UA,l= 1 then K UAI is a star-cutset of G,,,,. If (K UAI( 22, then any two 
vertices x, y in K U A, form an even pair. Indeed if this is not so, we can choose 
x, y with an odd chordless path P joining x to y with P as short as possible. By 
our choice of P, the interior vertices of P lie entirely either (i) in B1, or (ii) in 
Bz U AZ. In case (i), let a2 be a vertex in A2 or, if A2 = 0, let a2 = b,. In the slim 
graph Gw_(,,l, a2 is adjacent to x and y, and so the path P together with a2 form 
an odd hole, contradicting the induction hypothesis. In case (ii), we know that 
x, y E K, because no vertex of AI has any neighbor in B2 U AZ. Since K U A2 c 
M, K U A2 is a stable set of GM. Thus, we can choose in P vertices x’, y’ of 
K UA2 such that the subpath P’ of P joining x’ to y’ is odd, and has all interior 
vertices belonging to BZ. Consider a vertex a, E A, or, if AI = 0, take a, = b, . In 
the slim graph G,+,__{,,), a, is adjacent to n’ and y’, and so the path P’ together 
with a, form an odd hole, contradicting the induction hypothesis. 
Now, we may assume that B1 = 0 and by symmetry B, = 0. Let C, = A, U K 
and C2=A2. If, for some i, Ci fl M = 0, then the complement of G, is 
disconnected, and so it has a star-cutset. If, for some i, C’, 2 M, then any two 
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vertices of Ci have the same neighborhood and so they form an even pair. 
Consider a vertex x E C, rl M. If x has no neighbor in C1 - A4 then x and any 
vertex y in C1 -M form an even pair, because any neighbor of x is a neighbor of 
y. If x has some neighbor in C, -M then in the complement of GM, x is the 
center of the star-cutset {x} U (V(G) - N&)) separating NGJx) II C, from 
C,-M. 0 
3. Subclasses of slim graphs 
In [9], Hertz examines the relation between the class of slim graphs and some 
other classes of perfect graphs. Meyniel [ll] defined a scricr quasi-parity graph to 
be any graph G such that, for every induced subgraph H of G, either H contains 
an even pair of H is a clique. It follows from Meyniel’s Even Pair Lemma that 
every strict quasi-parity graph is perfect. Meyniel also proved that every Meyniel 
graph is a strict quasi-parity graph. Hertz [9] asks the following question. 
Question 1 [9]. Is every slim graph a strict quasi-parity graph? 
Following Meyniel [ 111, we call quasi-parity graph any graph G such that, for 
every nontrivial induced subgraph H of G, H or its complement contains an even 
pair. It is easy to see that every strict quasi-parity graph is a quasi-parity graph. 
The Even Pair Lemma together with Lovasz’s Perfect Graph Theorem [lo], 
which states that the complement of a perfect graph is perfect, imply that every 
quasi-parity graph is perfect. Related to Question 1 is the following. 
Question 1’. Is every slim graph a quasi-parity graph? 
Chvatal [5] calls BIP* the class of graphs G such that, for every induced 
subgraph H of G, H or its complement is bipartite or has a star-cutset. If follows 
from Chvatal’s Star-Cutset Lemma that every graph in BIP* is a perfect graph. 
As noted by Chvatal, it follows from Burlet and Fonlupt’s amalgam decomposi- 
tion scheme [3] that every Meyniel graph is in the class BIP*. Hertz [9] asks the 
following question. 
Question 2 [9]. Is every slim graph in the class BIP*? 
We will investigate Questions 1, 1’ and 2 for two important classes of Meyniel 
graphs. The first class consists of all graphs in which every odd cycle with at least 
five vertices has two noncrossing chords. The second class consists of all graphs in 
which every odd cycle with at least five vertices has two crossing chords. 
Gallai [7] proved that a graph G is perfect if every odd cycle of G with at least 
five vertices has two noncrossing chords. These graphs nowadays are known as 
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i-triangulated graphs. We will here give a positive answer to Question 1 for the 
class of slim graphs which derive from i-triangulated graphs. 
Theorem 3. Let G be an i-triangulated graph, and M be a subset of V(G). Then 
the slim graph GrM is a strict quasi-parity graph. 
Burlet and Fonlupt [3] proved that every i-triangulated graph either is a ‘basic 
i-triangulated’ graph or admits a proper amalgam decomposition 
K, AI, AZ, B1, BZ, with AI = A2 = 0. A basic i-triangulated graph either is a basic 
Meyniel graph or admits a partition of its vertex-set into three sets A, K, S, such 
that: 
l A can be partitioned into disjoint stable sets Al, AZ, . . . , A,, with m > 3, and 
JAil s 2 for all i, and there are all edges between any two distinct A,‘s; 
l K is a clique; 
l There are all edges between A and K; 
l S is a stable set, and each element of S has at most one neighbor in A. 
Proof of Theorem 3. We shall give a proof by induction on the number of 
vertices of G,,,. 
We first suppose that G is a basic i-triangulated graph. If G is basic Meyniel, 
then we are done by Proposition 1. Hence we may assume that G admits a 
partition A, K, S as above. If S is not empty, then we can literally repeat the 
argument given in the proof of Proposition 1 (first paragraph). So S = 0. Let x 
and y be any two vertices in A,. If both x and y are in M, then NG,(x) = 
N,,(y) = V(G) - (A, U M); if both x and y lie outside M, then N,,(X) = 
No,(y) = V(G) -A,; finally if x is in M and y is not in M, then No,(x) = 
V(G) - (A, U M) E V(G) -A, = N,,(y). In each case, it is clear that x and y 
form an even pair (because any chordless path from x to y has precisely two 
edges). 
We now suppose that G has a proper amalgam decomposition 
K, A,, A,, B,, BZ, with A, =A2 = 0. Recall from the definition of the amalgam 
decomposition that there exists in Bi (i = 1, 2) a vertex bj adjacent in G to all 
vertices of K. If 1 K n M( 2 2, then any two vertices x, y in K fl M form an even 
pair of G,,,. Otherwise, we can find an odd path P with both endpoints x, y in 
K f~ M, such that P is as short as possible. By the choice of P, all the interior 
vertices of P lie in Bj for some i (notice that P cannot contain any vertex of 
K - M because any such vertex is adjacent to both x and y). Consider the vertex 
b, with i # i. In the slim graph GM_{,,), b, is adjacent to x and y (and not to the 
interior vertices of P), and so the path P together with b, form an odd hole, a 
contradiction to Theorem 2. Now if 1 K C-I MI s 1, then K is a clique of GM. By 
the induction hypothesis, GM - Bi either is a clique or has an even pair, for 
i = 1,2. If each GM - B, is a clique, then {b,, b2} is an even pair of G,,,. If some 
On slim graphs, even pairs, and star-cutsets 99 
G, - Bi contains an even pair {x, y}, then {x, y} remains an even pair of the 
whole graph, because no chordless path from x to y can contain any vertex of 
B, (j # i), since K is a clique. 0 
Olaru [13] proved that a graph G is perfect if every odd cycle of G with at least 
five vertices has two crossing chords. Graphs with this property were called parity 
graphs by Burlet and Uhry [4]. Clearly every parity graph is a Meyniel graph. We 
shall solve Question 1’ for slim graphs which derive from parity graphs. 
Burlet and Uhry [4] proved that every parity graph with at least four vertices is 
bipartite or has a proper amalgam decomposition K, Al, AZ, B,, BZ, with K = 0 
and one of the following properties: 
(pl) B, = 0 and [AlI = 2; 
(~2) A, U B, induces a bipartite graph H with a bipartition into two stable sets 
A’ and B’ such that A, E A’ and B’ G B,. 
Theorem 4. Let G be a parity graph, and M be a subset of V(G). Then the slim 
graph GM is a quasi-parity graph.’ 
Proof. We prove by induction on the number of vertices. By the induction 
hypothesis, every proper induced subgraph of G,,., is a quasi-parity graph. Hence 
we only need prove that GrM or its complement contains an even pair. We may 
assume that GM has at least four vertices, otherwise the theorem is obviously 
true. Also, we may assume that G is not bipartite, othewise G,,, is bipartite and 
clearly has an even pair. Thus G admits a proper amalgam decomposition 
K, Al, AZ, B1, B,, with K = 0 and Property (pl) or (~2) as described above. 
Suppose Property (pl) holds. Let A, = {x, y}. Without loss of generality, we 
may assume that either x is in M, or A, fl M = 0. In either case, we have 
NG,(x) - {y} c N,,(y) - {x}. It follows that {x, y} is an even pair of G,+, (if x 
and y are not adjacent in G,), or of the complement of Gw (if they are adjacent 
in GM). 
Suppose Property (~2) holds. First suppose that IAll 3 2. Let x and y be two 
vertices of Al. The subgraph fYM of G,+, induced by Al U B, is a bipartite graph 
and, since Al GA’, x and y form an even pair of HM. Without loss of generality, 
we may assume that either x is in M, or {x, y} fl M = 0. In either case, 
%&) fl A2 = NY,(Y) n A2, and {x, y} is an even pair of G,,, - B1. It follows 
that x and y form an even pair of Gw. Now, suppose that IAll s 1. If GM is 
disconnected, then any two vertices in different components of G,+, form an even 
pair. If GM is connected, then we must have IAll = 1. Let a be the only vertex in 
Al. Take a neighbor x of a in B1, together with a neighbor y of a in AZ. Every 
’ After the first version of this paper was written, Hertz (personal communication) established the 
following result: the slim graphs that arise from parity graphs are strict-quasi-parity graphs; this can be 
proved by following the arguments in [9). 
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chordless path from x to y must contain a, and so {x, y} is an even pair of 
G 0 M. 
Now, we are going to solve Question 2 for slim graphs which derive from parity 
graphs. 
Theorem 5. Let G be a parity graph and M be a subset of V(G). Then the slim 
graph GM is in the class BIP*. 
Proof. We may assume that GM has at least four vertices, and that it is not 
bipartite. So G has a proper amalgam decomposition as above with K = 0. 
Suppose that B1 = B2 = 0. If, for some i, Ai II M = 0, then the complement of 
GM is disconnected, and so it has a star-cutset. If, for some i, A, s M, then any 
vertex ai in Ai is the center of the star-cutset {a,} n (Aj - M) separating Ai - {ai} 
from A, II M, for i # i. Now consider a vertex x E AI II M. If x has no neighbor in 
A, - M, then any vertex y in AI - M is the center of the star-cutset {y} U A2 - M 
separating x from (A2 n M) U (A, - M - { y }). If x has some neighbor in A, - M, 
then in the complement of G,, x is the center of the star-cutset {x} U (V(G) - 
NG,(x)) separating N&x) fl AI from A2 - M. 
We may now assume that B, # 0. If there is a vertex x in A 1 - M, then x is the 
center of the star-cutset {x} U A2 which separates B, U A, - {x} from BZ. So we 
have A 1 E M. Now, any vertex x in A, is the center of the star-cutset 
{x} U (A2 - M) separating B1 U A, - {x} from B, U (A2 fl M). 0 
A graph G is called triangulated if every cycle of G with at least four vertices 
has a chord. Triangulated graphs were introduced and studied by Hajnal and 
Surainji [8]. Berge [2] proved that all triangulated graphs are perfect. It is clear 
that every triangulated graph is i-triangulated, and so we immediately obtain as a 
consequence of Theorem 3 that every slim graph deriving from a triangulated 
graph is a strict quasi-parity graph. We will now show that every such graph is 
also in the class BIP*. 
A vertex of a graph is called simplicial if its neighborhood induces a clique. 
Dirac [6] showed that a non-empty triangulated graph has at least one simplicial 
vertex. We shall rely on the following lemma due to Preissmann [14]. 
Lemma 6. Let G be a triangulated graph, and K be any maximal clique of G. 
Then either K contains a simplicial vertex of G, or K is a cutset of G. 
Theorem 7. Let G be a triangulated graph and M be a subset of V(G). Then the 
slim graph GM is in the class BIP*. 
Proof. We proceed by induction on the number of vertices of G; the result is 
trivial if (V(G)( = 1. We suppose that GM and its complement do not have a 
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star-cutset. If G is a clique and iA41 < 1, then GM is a clique and so its 
complement has a star-cutset, a contradiction. If G is a clique and JMJ 3 2, then 
V(G) - M is a star-cutset of GM, a contradiction. So we may now assume that G 
is not a clique. 
Let S be the set of all simplicial vertices of G. We first claim that 
for any s in S, N,(s) E M. (1) 
If (1) does not hold, there exists a vertex s in S such that NG(s) $ M. Let x be 
any vertex in iVG(s) - M. We now see that x is the center of the star-cutset NG(s), 
which in GM separates  from V(G) - {s} - N,(s) (this set is not empty since G 
is not a clique), a contradiction. 
Next, we claim that 
V(G)-SGM. (2) 
To verify (2), let u be any vertex in V(G) - S, and let K be any maximal clique 
of G containing U. If K contains a simplicial vertex s of G, then (1) simplies that 
u E M. If K contains no simplicial vertex of G, then Lemma 6 implies that K is a 
cutset of G. Now if u is not in M, then u is the center of the star-cutset induced 
by K in GM, a contradiction. 
It now follows from (1) that S - M is a stable set of GM, and from (2) that 
S - M and M contain all vertices of GM. Therefore, G, is bipartite. Cl 
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